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We investigate differences and similarities between fundamental fermions and adjoint fermions in SU(N)
gauge theories. The gauge theory with fundamental fermions possesses ZN symmetry only in the limit of infinite
fermion mass, whereas the gauge theory with adjoint fermions does have the symmetry for any fermion mass.
The flavor-dependent twisted boundary condition (FTBC) is then imposed on fundamental fermions so that
the theory with fundamental fermions can possess ZN symmetry for any fermion mass. We show similarities
between FTBC fundamental fermions and adjoint fermions, using the Polyakov-loop extended Nambu–Jona-
Lasinio (PNJL) model. In the mean-field level, the PNJL model with FTBC fundamental fermions has dynamics
similar to the PNJL model with adjoint fermions for the confinement/deconfinement transition related to ZN
symmetry. The chiral property is somewhat different between the two models, but there is a simple relation
between chiral condensates in the two models. As an interesting high-energy phenomenon, a possibility of the
gauge symmetry breaking is studied for FTBC fundamental fermions.
PACS numbers: 11.30.Rd, 12.40.-y
I. INTRODUCTION
Understanding of nonperturbative nature of quantum chro-
modynamics (QCD) is one of the most important subjects in
particle physics. QCD has ZN symmetry only in the limit
of infinite current quark mass (m) and chiral symmetry only
in the limit of m = 0. In the real world where m is fi-
nite, some nonperturbative properties are discovered by lattice
QCD (LQCD). For finite temperature (T ), for example, de-
confinement and chiral transitions are found to be crossover
[1]. For finite quark chemical potential (µq), however, our un-
derstanding of nonperturbative nature of QCD is still far from
perfection, since LQCD simulations have the sign problem.
QCD is a SU(3) gauge theory with fundamental fermions.
In this sense, a SU(N) gauge theory with adjoint fermions [2]
is a QCD-like theory. This QCD-like theory is quite interest-
ing, since it has ZN symmetry for anym and no sign problem
for finite µq when the number of flavor NF is even. Further-
more, if the gauge theory with adjoint fermions is considered
on spacetime R4 × S1, there is a possibility that the theory
has the Hosotani mechanism [3] where the gauge symmetry
breaking (GB) is induced by the non-zero vacuum expectation
value of the gauge component in a compact dimension S1.
Actually, the GB is found to occur, when the periodic bound-
ary condition is imposed on adjoint fermions; see Ref. [4]
and references therein. In the case of four-dimensional gauge
theory at finite T where the spacetime of the theory is com-
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pactified into R3 × S1, exotic phases such as the reconfined
phase appear at high T , when adjoint fermions are introduced
with the periodic boundary condition [5–7]. These interesting
properties of adjoint matter lead us to an important question,
how close is adjoint matter to fundamental matter?
The fermion number isN×NF forNF -flavor fundamental
fermions and N2 − 1 for one-flavor adjoint fermions. These
numbers are almost identical with each other for N = NF ≫
1, and even in the realistic case of N = NF = 3 they are
still close to each other. A difference is that the SU(N) gauge
theory with fundamental fermions does not possess ZN sym-
metry for finite m. This difference can be removed by im-
posing the flavor-dependent twist boundary condition (FTBC)
on fundamental fermions [8, 9]. We refer to fundamental
fermions with the FTBC as FTBC fundamental fermions in
this paper. For zero T , FTBC fundamental fermions yield
the same dynamics as ordinary fundamental fermions with the
anti-periodic boundary condition, since the fermion boundary
condition does not affect dynamics there. In Refs. [8, 9], prop-
erties of the SU(N) gauge theory with FTBC fundamental
fermions were investigated with the Polyakov-loop extended
Nambu-Jona-Lasinio (PNJL) model [7, 10–24]. The PNJL
model with FTBC fundamental fermions has ZN symmetry
for any m. In the model, the symmetry is preserved at low
T but spontaneously broken at high T , and the restoration of
chiral symmetry is rather slow. Similar properties are seen in
the SU(3) gauge theory with adjoint fermions. These results
imply that the SU(N) gauge theory with FTBC fundamen-
tal fermions has dynamics similar to the SU(N) gauge theory
with adjoint fermions and hence the GB takes place also in the
former theory.
In this paper, we show similarities between adjoint matter
and FTBC fundamental matter in SU(N) gauge theories, par-
ticularly for the confinement/deconfinement transition related
to ZN symmetry, using the PNJL model. This leads to the
2important conclusion that an essential difference between or-
dinary fundamental matter and adjoint matter is originated in
the presence or absence ofZN symmetry. Meanwhile, the chi-
ral property is somewhat different between adjoint matter and
FTBC fundamental matter, but we show that there is a sim-
ple relation between chiral condensates in the two matters. As
an interesting high-energy phenomenon, a possibility of the
GB is also examined for FTBC fundamental fermion and the
result is compared with that for adjoint fermion.
This paper is organized as follows. In Sec. II, thermody-
namics of a gauge theory with adjoint fermion and a gauge
theory with FTBC fundamental fermion are constructed in a
similar manner. In Sec. III, similarities between FTBC funda-
mental and adjoint matters are numerically analyzed with the
PNJL model. In Sec. IV, a possibility of the GB is discussed
for FTBC fundamental matter by using the one-loop effective
potential and the result is compared with that for adjoint mat-
ter. Section V is devoted to a summary.
II. ADJOINT AND FTBC FUNDAMENTAL FERMIONS
In this section, thermodynamics of a SU(N) gauge the-
ory with adjoint fermions and a SU(N) gauge theory with
FTBC fundamental fermions [8, 9] are constructed in a simi-
lar way. For later convenience, we start with a SU(N) gauge
theory with fermions in the N × N¯ dimensional representa-
tion consisting of theN2−1 dimensional adjoint and the one-
dimensional singlet representation. Here we consider a gen-
eral case of NF,adj degenerate flavors, where NF,adj means
the number of flavors for adjoint fermions. In Euclidean
spacetime, the Lagrangian density Ladj becomes
Ladj = NF,adjΨ¯(γνD
N×N¯
ν +m)Ψ +
1
4g2
F aµν
2 (1)
with DN×N¯ν ≡ ∂ν − i(Aν + A˜ν) = ∂ν − iAa,ν(ta − t˜a).
The fermion field Ψ in its color part is described as a direct
product of ψc and ψ˜c (c = 1, 2, · · · , N ), where ψc (ψ˜c) is
transformed as the N (N¯ ) dimensional representation and the
generator ta (t˜a) acts only on ψc (ψ˜c). Below we consider a
general temporal boundary condition for Ψ :
Ψ(τ = β,x) = eiϕΨ(τ = 0,x) (2)
with Euclidean time τ and β = 1/T . The angle ϕ parame-
terizes the boundary condition. A value of ϕ = pi (0) corre-
sponds to the anti-periodic (periodic) boundary condition.
The Lagrangian density (1) is invariant under the large
gauge transformation,
Ψ → Ψ ′ = UU˜Ψ,
Aν → A′ν = UAνU−1 + i(∂νU)U−1,
A˜ν → A˜′ν = U˜A˜ν U˜−1 + i(∂νU˜)U˜−1, (3)
where
U(x, τ) = exp (iαata), (4)
U˜(x, τ) = exp (−iαat˜a), (5)
are elements of the SU(N) group characterized by real func-
tions αa(x, τ) and satisfy the boundary conditions
U(x, β) = exp (−i2pik/N)U(x, 0), (6)
U˜(x, β) = exp (i2pik/N)U˜(x, 0) (7)
with integer k. In this transformation, ψ˜c is transformed as
the conjugate representation of ψc. Thus Ψ belongs to the
N × N¯ dimensional representation that is decomposed into
the N2 − 1 dimensional adjoint and the one-dimensional sin-
glet representation. This theory is finally reduced to a SU(N)
gauge theory with adjoint fermions, since the singlet fermion
is decoupled from the adjoint ones. The gauge transformation
(3) includes the ZN transformation. The Lagrangian density
(1) and the fermion boundary condition (2) are invariant under
the ZN transformation, since the ZN transformation on ψc is
canceled out by that on ψ˜c. Hence ZN symmetry is exact in
this theory.
Now a gauge theory with FTBC fundamental fermions is
constructed by replacing the color-dependent fields ψ˜c (c =
1, 2, · · · , N) by the flavor-dependent ones ψˆf (f =
1, 2, · · · , N) in Ψ and the gauge field iA˜ν,a by the flavor-
dependent imaginary chemical potential iBˆν = iΘatˆaδν,4T
with the SU(N) generators tˆa (a = 1, 2, · · · , N2 − 1)
and the unit matrix tˆ0 in flavor space and real parameters
Θa (a = 0, 1, · · · , N2 − 1). After the replacement, the
new fermion field Ψfund belongs to the N dimensional fun-
damental representation in color space. Hence one can rep-
resent Ψfund = (Ψ1, · · · , ΨN)T with fundamental fermions
Ψf labeled by flavors f = 1, · · · , N . This replacement thus
changesN×N¯ dimensional fermions ofNF,adj flavors to fun-
damental fermions Ψf of NF,fund = NF,adjN flavors. The
Lagrangian density Lfund is then
Lfund = NF,adjΨ¯fund(γνD
N
ν +m)Ψfund +
1
4g2
F aµν
2, (8)
whereDNν ≡ ∂ν − i(Aν + Bˆν). This is nothing but a SU(N)
gauge theory with NF,fund flavor fundamental fermions with
the flavor-dependent imaginary chemical potential. Although
the gauge field Aν is decoupled from the flavor degrees
of freedom, one can consider the following baryon-number-
color-flavor linked (BCFL) transformation
Ψfund → Ψ ′fund = UUˆΨfund
Aν → A′ν = UAνU−1 + i(∂νU)U−1 (9)
where
U(x, τ) = exp (iαata) (10)
Uˆ(τ) = exp (i2pikT τ/N)(UˆSf)
k, (11)
where U is the same as in (4), but Uˆ with integer k acts on
flavor space through a factor (UˆSf)ff ′ = δf−1,f ′ for f 6= 1
and (UˆSf)ff ′ = δN,f ′ for f = 1; note that USf is the N ×N
unitary matrix by which flavor labels are shifted from f to
f − 1 for f 6= 1 and from f to N for f = 1. The matrix
3USf in flavor space is equal to isUSUf with s = 1 for even
N and s = 0 for odd N and an element USUf of the flavor
SU(N) group. The transformation (9), characterized by the
ZN transformation parameter k, thus links baryon number,
color and flavor.
The boundary condition for Ψfund at τ = β is invariant
under the transformation (9), but the Lagrangian density (8) is
changed into
Lfund = NF,adjΨ¯fund(γνD
N
ν
′
+m)Ψfund +
1
4g2
F aµν
2,
(12)
where DNν
′
= ∂ν − i(Aν + Bˆ′ν) with Bˆ′ν = Θ′a tˆaδν,4T and
Θ′a tˆa = (Uˆ
−1
Sf )
k(Θa tˆa − 2kpi
N
tˆ0)(UˆSf)
k. (13)
In general, Lfund is not invariant under this transformation.
However, when
Θatˆa = diag(θ1, θ2, · · · , θN )
= diag(0, 2pi/N, · · · ,
2(l − 1)/pi/N, · · · , 2pi(N − 1)) (14)
with l = 1, 2, · · · , N , the transformed imaginary chemical
potential Θ′a tˆa becomes
Θ′a tˆa = (θ
′
1, θ
′
2, · · · , θ′N )
= (U−1Sf )
kdiag(−2pik/N, 2pi(1− k)/N, · · · ,
2pi(l − k − 1)/N, · · · , 2pi(N − k − 1))(USf)k
∼= diag(0, 2pi/N, · · · ,
2(l − 1)/pi/N, · · · , 2pi(N − 1))
= (θ1, θ2, · · · , θN ) = Θatˆa, (15)
where θ′f ∼= θf means θ′f/(2pi) = θf/(2pi) (mod 1); note
that θf have a trivial periodicity of 2pi in the QCD partition
function. ZN symmetry is thus exact in a SU(N) gauge
theory with fundamental fermions of NF,fund degenerate fla-
vors, when the flavor-dependent imaginary chemical potential
of (14) is introduced. Obviously, the flavor-dependent imag-
inary chemical potential breaks flavor symmetry partially. In
the confinement phase, flavor symmetry is recovered from the
breaking [8, 9], as shown explicitly in Sec. III.
When the fermion fields Ψf are transformed as
Ψf → exp (iθfTτ)Ψf (16)
for f = 1, 2, · · · , N , the Lagrangian (8) with the imaginary
chemical potential (14) is changed into a new Lagrangian den-
sity with no imaginary chemical potential,
Lfund = NadjΨ¯fund(γν(∂µ − iAν) +m)Ψfund
+
1
4g2
F aµν
2, (17)
with the boundary condition
Ψf(τ = β,x) = e
i(ϕ−θf)Ψf (τ = 0,x). (18)
The boundary condition (18) with the twist angles θf of (14)
is the flavor-dependent boundary condition (FTBC) and fun-
damental fermions satisfying the FTBC are FTBC fundamen-
tal fermions. As mentioned above, the SU(N) gauge theory
with FTBC fundamental fermions has ZN symmetry just as
the SU(N) gauge theory with adjoint fermions. The fermion
number, i.e., the product of the color and flavor numbers, is
NF,adjN
2 for the former theory and NF,adj(N2 − 1) for the
latter one. These numbers are close to each other even for
N = 3. Thus there is a possibility that the two theories have
similar dynamics to each other. This will be tested in the fol-
lowing two sections; low energy dynamics is analyzed in Sec.
III, while the GB as a nontrivial high-energy phenomenon is
investigated in Sec. IV.
The adjoint representation is a real representation under the
gauge transformation and hence the system has no sign prob-
lem even at real µq, when NF,adj is even. The fundamen-
tal representation with the FTBC, meanwhile, is not real and
therefore the system has a sign problem at real µq. However,
if we restrict the color gauge transformation U on its center
group ZN in the color-flavor linked transformation (9), the
fermion field Ψfund becomes real under the restricted trans-
formation at τ = β. In fact, Ψfund and its charge conjugation
ΨCfund are transformed under the restricted transformation as
Ψfund → (USf)kΨfund and ΨCfund → (USf)kΨCfund at τ = β.
Obviously, this reality of Ψfund at τ = β ensures ZN symme-
try to be exact.
Now we consider the chiral limit of m = 0 as an ideal
case and take the case of N = NF,fund = 3 for a typi-
cal example. The present chiral- and Z3-symmetric SU(3)
gauge theory with FTBC fundamental fermions was con-
structed from the SU(3) gauge theory in which fundamen-
tal fermions have SU(3)R and SU(3)L flavor symmetries.
The SU(3)R and SU(3)L symmetries are broken down to
(U(1)R)
2 and (U(1)L)2 symmetries, respectively, by intro-
ducing the FTBC, i.e., the flavor-dependent imaginary chemi-
cal potential. These symmetries remain as continuous symme-
tries in addition to global U(1)B symmetry. Thus, instead of
the preservation of Z3 symmetry, the chiral symmetry is par-
tially broken. This implies that there is a NO-GO theorem on
construction of the chiral- and ZN -symmetric SU(N) gauge
theory with ordinary fundamental fermions. It seems that it
is impossible to construct a fully chiral symmetric and ZN
symmetric SU(N) gauge theory with fundamental fermions
without introducing the additional gauge field that plays the
role of the conjugate gauge field A˜ν in the SU(N) gauge the-
ory with adjoint fermions and is coupled to other charges such
as flavor or baryon number. Several properties of gauge the-
ories with ordinary fundamental, FTBC fundamental and ad-
joint fermions are summarized in Table I.
Instead of the flavor-dependent imaginary chemical poten-
tial, one may consider the color-dependent imaginary chemi-
cal potential iθCT with
θC = diag(θC1 , θ
C
2 , · · · , θCN )
= diag(0, 2pi/N, · · · ,
2(l− 1)/pi/N, · · · , 2pi(N − 1)). (19)
4property Fundmental FTBC Adjoint
ZN broken symmetric symmetric
Reality not real not real real
Flavor symmetric partially broken symmetric
Chiral symmetric partially broken symmetric
Sign problem exist exist none for even NF,adj
TABLE I: Summary of properties of SU(N) gauge theories with or-
dinary fundamental, FTBC fundamental and adjoint fermions. Chiral
symmetry is considered in the case of m = 0.
In this case, the gauge symmetry is partially broken; for ex-
ample, SU(3) gauge symmetry is broken to U(1)2 the gener-
ators of which are t3 and t8 in Cartan sub-algebra of SU(3)
group. However, the system is Z3 symmetric under the
baryon-number-color linked (BCL) transformation
Ψfund → Ψ ′fund = UV Ψfund
Aν → A′ν = UAνU−1 + i(∂νU)U−1, (20)
where
V (τ) = exp (i2pikT τ/3)(USc)
k (21)
and
U(x, τ) = exp[{i(α3t3 + α8t8)] (22)
with the temporary boundary condition
U(x, β) = exp (−i2pik/3)U(x, 0). (23)
(24)
The matrix USc has the same form as UˆSf but acts on color
space. When τ is neither 0 nor β, U is an element of color
SU(N) group, but V is not. Therefore, this invariance is not
trivial. Thus Z3 symmetry may appear by abandoning full
SU(3) gauge invariance.
Even in the theory with no color-dependent chemical po-
tential, gauge symmetry is partially broken, if the temporal
gauge field A4 has an expectation value. In this situation, the
expectation value acts just as the color-dependent imaginary
chemical potential. At low energy where gauge interaction is
strong, the GB mentioned above is expected to be canceled
out by confinement [25]. At high energy where the gauge in-
teraction is weak, in contrast, the breaking may appear. This
is nothing but the Hosotani mechanism [3]. This possibility is
discussed in Sec. IV particularly for the case of FTBC funda-
mental fermions.
III. LOW-ENERGY DYNAMICS
In this section, we analyze low-energy dynamics of SU(3)
gauge theories with FTBC and adjoint (ADJ) fermions and in-
vestigate similarities between them, using the Polyakov-loop
extended Nambu-Jona-Lasinio (PNJL) model [7, 10–24]. The
PNJL Lagrangian density with NF degenerate flavors is ob-
tained by
LPNJL =
NF∑
f
Ψ¯f (γνD
PNJL
ν +m)Ψf + LNJL + U ,(25)
where DPNJLν = ∂ν − iδν,4A4. We use the Polyakov gauge
in which Ai = 0 for i = 1, 2, 3 and A4 is considered as a
background field.
In (25), LNJL stands for effective quark-quark interactions.
For fundamental quarks with N = NF,fund = 3, they have
the standard form of
LNJL,fund = −GS
8∑
a=0
[(Ψ¯λaΨ)
2 + (Ψ¯ iγ5λaΨ)
2]
+GD
[
det
ff ′
Ψ¯f (1 + γ5)Ψf ′ + h.c.
]
, (26)
where λa is the Gell-Mann matrix in flavor space and GS and
GD are coupling constants of the scalar-type four-quark inter-
action and the Kobayashi-Maskawa-t’Hooft determinant in-
teraction, respectively [26, 27]. Table II(a) shows values of
the coupling constants in addition to the current quark mass
m and the three-dimensional momentum cutoff Λ. The cou-
pling constants and the cutoff are determined to reproduce
empirical values of η′- and pi-meson masses and pi-meson
decay constant at vacuum when mu = md = 5.5MeV and
ms = 140.7MeV [28]. In this paper, however, we take sym-
metric current quark masses, mf = 5.5MeV for any flavor, to
make the system flavor symmetric at θf = 0.
(a) mf (MeV) Λ(MeV) GsΛ
2 GDΛ
5
5.5 602.3 1.835 12.36
(b) m(MeV) Λ(MeV) GΛ
2
5.5 651 3.607
(c) a0 a1 a2 b3 T0(MeV)
3.51 -2.47 15.2 -1.75 195
TABLE II: Summary of the parameter set in the PNJL model: (a)
parameters of the NJL sector for fundamental fermions with N =
3 and NF,fund = 3, (b) parameters of the NJL sector for adjoint
fermions with N = 3 and NF,adj = 1, and (c) parameters of the
Polyakov-loop potential for the case of N = 3.
As the NJL sector for ADJ fermion, we take the form of
LNJL,adj = −G(Q¯Q)2 (27)
proposed in Ref. [22]; see Table II(b) for the parameter set in
the case of N = 3 and NF,adj = 1.
In (25), the Polyakov-loop potential U is a function of A4.
Particularly in the cases of N = 2 and 3, it can be written as a
function of the Polyakov-loopΦ and its conjugate Φ∗ [29]. In
the fundamental representation, they are defined by
Φ =
1
N
trc(Lfund), Φ
∗ =
1
N
trc(L¯fund), (28)
5where Lfund is the fundamental representation of L =
exp(iφ) = exp(iA4/T ). In the Polyakov gauge, they are
written as
Φ =
1
N
(eiφ1 + eiφ2 + · · ·+ eiφN ), (29)
where the φi satisfy the condition φ1 + φ2 + · · ·+ φN = 0.
For N = 3, we take the Polyakov-loop potential U of
Ref. [15]:
U = T 4
[
−a(T )
2
Φ∗Φ
+ b(T ) ln(1− 6ΦΦ∗ + 4(Φ3 + Φ∗3)− 3(ΦΦ∗)2)
]
,
(30)
a(T ) = a0 + a1
(T0
T
)
+ a2
(T0
T
)2
, b(T ) = b3
(T0
T
)3
.
(31)
Parameters of U are fitted to LQCD data at finite T in the pure
gauge limit. The Polyakov-loop potential yields the first-order
deconfinement phase transition at T = T0 in the pure gauge
theory [30, 31]. The original value of T0 is 270 MeV deter-
mined from the pure gauge LQCD data, but the PNJL model
with this value yields a larger value of the pseudocritical tem-
perature Tc at zero chemical potential than Tc ≈ 160 MeV
predicted by full LQCD [32–34]. We then rescale T0 to
195 MeV so as to reproduce Tc ∼ 160 MeV [23]. Parameters
in the Polyakov-loop potential are summarized in Table II(c),
together with the other parameters.
For the case of NF,fund = NNN (NN = 1, 2, · · · ) fun-
damental quarks with the FTBC, the thermodynamic potential
ΩFTBC is obtainable fromLPNJL with the mean-field approx-
imation:
ΩFTBC = NNΩq,FTBC + Ufund + U (32)
with
Ωq,FTBC = −2
N∑
c=1
N∑
f=1
∫
d3p
(2pi)3
[
Ef
+
1
β
ln [1 + eiφceiθf e−βEf− ]
+
1
β
ln [1 + e−iφce−iθf e−βEf+ ]
]
+ Ufund + U , (33)
whereEf =
√
p2 +M2f andEf± =
√
p2 +M2f±i(pi−ϕ)T
for the constituent quark mass Mf . For N = NF,fund =
3, the constituent quark mass Mf and the mesonic potential
Ufund are given by
Mf = mf − 4GSσf + 2GDσf ′σf ′′ (34)
for f 6= f ′ and f 6= f ′′ and f ′ = f ′′ and
U
N=NF,fund=3
fund =
∑
f=u,d,s
2GSσ
2
f − 4GDσuσdσs, (35)
where σf (f = u, d, s) is the expectation value of chiral con-
densate Ψ¯fΨf .
ForN = 3, when the summation is taken over color indices
c, Eq. (33) is rewritten into
ΩN=3q,FTBC = −2
3∑
f=1
∫
d3p
(2pi)3
[
3Ef
+
1
β
ln [1 + 3Φeiθf e−βEf−
+ 3Φ∗e2iθf e−2βEf− + e3iθf e−3βEf− ]
+
1
β
ln [1 + 3Φ∗e−iθf e−βEf+
+ 3Φe−2iθf e−2βEf+ + e−3iθf e−3βEf+ ].
]
(36)
If Φ = Φ∗ = 0, this equation is further reduced to
ΩN=3q,FTBC = −2
3∑
f=1
∫
d3p
(2pi)3
[
3Ef
+
1
β
ln [1 + e−3βEf− ]
+
1
β
ln [1 + e−3βEf+ ]
]
. (37)
Equation (37) shows that red, blue and green quarks are sta-
tistically in the same state. The flavor-dependent imaginary
chemical potential disappears in (37) for the confined phase
of Φ = Φ∗ = 0. The flavor-symmetry breaking due to the
flavor-dependent imaginary chemical potential is thus dynam-
ically restored in the confined phase. As a consequence of this
property, Eq. (37) has a simpler form of
ΩN=3q,FTBC = −2
∫
d3p
(2pi)3
[
9Econ
+
3
β
ln [1 + e−i3(pi−ϕ)e−3βEcon ]
+
3
β
ln [1 + ei3(pi−ϕ)e−3βEcon ]
]
, (38)
with Mcon ≡ Mu = Md = Ms and E ≡
√
p2 +M2con in
confined phase.
Now we consider ADJ fermions with NF,adj =
NF,fund/N = NN flavors. For the fermion boundary con-
dition with ϕ, the thermodynamic potential is obtained with
the mean field approximation as
Ωadj = NNΩq,adj + Uadj + U (39)
6with
Ωq,adj = −2
N∑
c=1
N∑
c′=1
∫
d3p
(2pi)3
[
E
+
1
β
ln [1 + eiφce−iφc′ e−βE− ]
+
1
β
ln [1 + e−iφceiφc′ e−βE+ ]
]
−Ω1, (40)
Ω1 = −2
∫
d3p
(2pi)3
[
E
+
∑
j=±
1
β
ln [1 + e−βEj ]
]]
, (41)
M = m−2GSσ,E =
√
p2 +M2,E± = E±i(pi−ϕ)T and
Uadj = Gσ
2 for the expectation value σ of chiral condensate
Ψ¯Ψ .
ForN = 3, when the summation is taken over color indices
c and c′, Eq. (40) becomes [24]
ΩN=3q,adj = −2
∫
d3p
(2pi)3
[
8E
+
∑
j=±
1
β
ln [1 + (9ΦΦ∗ − 1)e−βEj
+ (27Φ3 + 27Φ∗3 − 27ΦΦ∗ + 1)e−2βEj
+ (81Φ2Φ∗2 − 27ΦΦ∗ + 2)e−3βEj
+ (162Φ2Φ∗2 − 54Φ3 − 54Φ∗3 + 18ΦΦ∗ − 2)e−4βEj
+ (81Φ2Φ∗2 − 27ΦΦ∗ + 2)e−5βEj
+ (27Φ3 + 27Φ∗3 − 27ΦΦ∗ + 1)e−6βEj
+ (9ΦΦ∗ − 1)e−7βEj + e−8βEj ]
]
. (42)
The one-quark state, i.e., the term proportional to e−βEj does
not vanish in (42), even if Φ = Φ∗ = 0. If Φ = Φ∗ = ±1/3,
meanwhile, the one-quark state vanishes and the Polyakov-
loop Φadj in the adjoint representation, given by [24]
Φadj =
1
8
tr(Ladj) =
1
8
(9ΦΦ∗ − 1), (43)
also vanishes, where Ladj are the adjoint representation of L.
As seen below, however, this situation is not realized. Be-
sides, even if it is realized, one can not consider a confine-
ment with Φadj , since Φadj is invariant under Z3 transforma-
tion and hence it is not an order parameter of Z3 symmetry.
We then consider a confinement as that of the static funda-
mental charge. For this definition of confinement, we can use
Φ as an order parameter of a confinement/deconfinement tran-
sition. In fact, LQCD simulations [2] of a SU(3) gauge theory
with ADJ fermions indicate that below the critical temperature
of the deconfinement transition a potential between static fun-
damental charges linearly raises with respect to increasing a
distance R between the two charges, but a potential between
static adjoint charges has a linearly-raising form only at small
R. Thus a string breaking occurs at large R when static ad-
joint charges are taken.
In numerical calculations of the PNJL model, we take N =
3 and N3 = 1, i.e., NF,fund = 3 and NF,adj = 1. The
expectation values σ (or σf ) and the φc are determined by the
minimum condition of Ω. Figure 1(a) shows T dependence
of Φ for FTBC fermion with N = NF,fund = 3 and ADJ
fermion with N = 3 and NF,adj = 1. Here we take the anti-
periodic boundary condition by setting ϕ = pi. The two cases
show similar T dependence: more precisely, Φ has a jump at
T = Tc ∼ 195MeV from 0 to 0.5. Below Tc, Z3 symmetry is
surely preserved in both the cases. For the both cases, Φ never
has ±1/3, since Φ has a jump from 0 to 0.5.
Figure 1(b) shows T dependence of the φc (c = 1, 2, 3)
at low T for the two cases after an appropriate relabeling of
color indexes c. It is found that φc = 2pik/3 with k = 0,±1
at low T . The results for ADJ and FTBC fermions agree with
each other. Therefore,
φadjc = φ
fund
c = −θf (44)
holds true after an appropriate relabeling of c. This means
that the back ground gauge field in (33) is the same as in (40).
The two models thus have similar dynamics to each other at
low T , as far as the confinement/deconfinement transition is
concerned.
On the other hand, the chiral property is somewhat different
between the two models. Figure 1(c) shows T dependence of
M and Mf for the two cases. The constituent quark mass M
of ADJ fermion is much larger thanMf of FTBC fermion. For
FTBC fermion, furthermore, three degenerate quarks split into
two heavy ones and light one at high T , since flavor symme-
try is broken by the Z3-symmetry breaking. It is found from
discussions in Sec. II that the differences in the chiral sector
are originated in the presence or absence of fluctuations of the
conjugate gauge field A˜ν around its means value.
As mentioned above, the constituent quark mass M of ad-
joint fermion is much heavier than Mf of FTBC fermion at
low T . However, there is a approximate scaling lowM/Mf ∼
Nc. This can be understood as follows. From the stationary
conditions for σ and σf at T = 0, we can obtain the following
equation,
σ = −Nadj
pi2
∫ Λadj
0
dpp2
M
E
∼ −Nadj
3pi2
Λ3adj , (45)
σf = −N
pi2
∫ Λfund
0
dpp2
Mf
Ef
∼ − N
3pi2
Λ3fund, (46)
where Nadj is the dimension of the adjoint representation and
is related to N as Nadj = N2 − 1. Since Λadj ∼ Λfund,
we obtain M/Mf ∼ σ/σf ∼ Nadj/N ∼ N = 3. There-
fore, M is approximately three times heavier than Mf . For
FTBC fermion, only the three-quark state can survive in the
confinement phase, as shown in (38). Therefore, the quark
part of the thermodynamic potential has a small contribution
and do not affect much the confinement/deconfinement tran-
sition in the two cases. This is the reason why the confine-
ment/deconfinement transitions are similar to each other be-
tween ADJ and FTBC matters.
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Fig. 1: T dependence of order parameters in the PNJL model of
FTBC fermion with N = NF,fund = 3 and that of ADJ fermion
with N = 3 and NF,adj = 1. In the both cases, the boundary
condition ϕ = pi is taken. Three panels correspond to (a) Φ, (b) φc,
and (c) M/3 and Mf , respectively.
Putting Φ = 0 and neglecting higher-order terms of the
suppression factor e−βE , we obtain
ΩN=3q,adj = −2
∫
d3p
(2pi)3
[
8E
+
1
β
[ln [1− e−i(pi−ϕ)e−βE ] + 1
β
ln [1− ei(pi−ϕ)e−βE]
]
.
(47)
Comparing (47) with (38) and noting M ∼ 3Mf in the con-
fined phase, we see that the thermodynamic potential of ADJ
fermion with ϕ = 0 (pi) mimics that of FTBC fermion with
ϕ = pi(0) in the confined phase, although coefficients of
terms in (47) are somewhat different from those in (38). Since
the fermion contribution itself is small in the confined phase,
the difference between the periodic boundary condition (PB)
and the anti-periodic boundary condition (APB) is negligibly
small at low T , as shown in Fig. 2.
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Fig. 2: T dependence of constituent quark masses in different types
of fermions and boundary conditions. Four cases of FTBC-APB,
FTBC-PB, ADJ-APB and ADJ-PB are taken, where FTBC and ADJ
stand for kinds of fermions while PB and APB correspond to kinds of
boundary conditions. Here we set N = NF,fund = 3 and NF,adj =
1. For FTBC-APB and FTBC-PB, constituent quark masses depend
on flavor in the deconfinement phase at higher temperature, so the
average vales are shown in the cases.
IV. GAGUE SYMMETRY BREAKING IN FTBC MODEL
As far as the confinement/deconfinement transition is con-
cerned, there exist a similarity between FTBC and ADJ
fermions even at high T , as shown in 1(a). This implies the
possibility that the gauge symmetry breaking (GB) at higher
temperature or higher-energy scale takes place also for FTBC
fermion as a result of the Hosotani mechanism [3, 4]. In this
section, we examine the GB in SU(3) gauge theories with dif-
ferent types of fermions and boundary conditions on R3×S1
by using the one-loop effective potential. For simplicity, we
regard the compact Euclidean time direction τ as a spacial di-
rection y and replace 1/T by a size L of S1. The gauge field
is then obtained as
Aµ = 〈Ay〉+A′µ, (48)
where the VEV of Ay , 〈Ay〉, can be written as
〈Ay〉 = 2pi
L
q (49)
where q = diag(q1, q2, q3) with q1 + q2 + q3 = 0 and each
component is determined as (qi)mod 1. As in the previous sec-
tion, the Polyakov-loopΦ is defined as
Φ =
1
3
(ei2piq1 + ei2piq2 + ei2piq3) (50)
Here we call the qi ”Polyakov-loop phases”. When the solu-
tion is nontrivial, i.e., when q does not have a form at0 for
a constant a and the unit matrix t0 in color space, the GB is
expected to take place.
The one-loop effective potential V is a function of the qi
and consists of the gluon part Vg and the fermion part Vf :
V = Vg + Vf . (51)
The gluon part Vg has an explicit form of
Vg = − 2
L4pi2
3∑
i=1
3∑
j=1
∞∑
n=1
(
1− 1
3
δij
)cos(2npiqij)
n4
(52)
8with qij = (qi − qj)mod 1. For the case of fundamental
fermion, Vf has a form of
Vf,fund = 2NF,fundm
2
L2pi2
3∑
i=1
∞∑
n=1
K2(nmL)
n2
× cos[2pin(qi + ϕ)] (53)
for the fermion mass m and the boundary angle ϕ defined in
(2), where K2 is the modified Bessel function of the second
kind. In the case of fundamental FTBC fermion, Vf is modi-
fied as
Vf,FTBC = 2N3m
2
L2pi2
3∑
i=1
3∑
f=1
∞∑
n=1
×K2(nmL)
n2
cos[2pin(Qif + ϕ)], (54)
where N3 = NF,fund/3 and Qif = qi + (f − 1)/3. In the
case of ADJ fermion, meanwhile, Vf has a form of
Vf,adj = 2NF,adjm
2
L2pi2
3∑
i=1
3∑
j=1
∞∑
n=1
(
1− 1
3
δij
)
×K2(nmL)
n2
cos[2pin(qij + ϕ)]. (55)
Now we consider six combinations of different fermions
and boundary conditions.
1. ”FD-APB”: fundamental fermions with anti-periodic
boundary condition ϕ = pi
2. ”FD-PB”: fundamental fermions with periodic bound-
ary condition ϕ = 0
3. ”ADJ-APB”: adjoint fermions with anti-periodic
boundary condition ϕ = pi
4. ”ADJ-PB”: adjoint fermions with periodic boundary
condition ϕ = 0
5. ”FTBC-APB”: FTBC fundamental fermions with the
boundary condition ϕ = pi
6. ”FTBC-PB”: FTBC fundamental fermions with the
boundary condition ϕ = 0
First, we investigate the structure of Vf in the high-energy
limit mL → 0. Figure 3 shows the contour plot of Vf for the
case of FD-APB. The fermion one-loop potential Vf becomes
minimum at (q1, q2, q3) = (0, 0, 0) that gives Φ = 1 and
hence can not induce the GB. For the case of FD-PB shown in
Fig.4, Vf has minima at (q1, q2, q3) = (±1/3,±1/3,∓2/3)
that lead to |Φ| = 1; here (±1/3,±1/3,∓2/3) is a shorthand
notation of (1/3, 1/3,−2/3) and (−1/3,−1/3, 2/3). Since
(±1/3,±1/3,∓2/3) = (±1/3,±1/3,±1/3)mod 1, the GB
can not take place also in this case.
For the case of ADJ-APB, as shown in Fig. 5, Vf becomes
minimum at (q1, q2, q3) = (0, 0, 0), (±1/3,±1/3,∓2/3) that
gives |Φ| = 1 and can not induce the GB. The fact that the
Fig. 3: Contour plot of VfL4 in the limit mL → 0 for the case of
FD-APB. Here, q3 is given by −q1 − q2.
Fig. 4: The same figure as Fig. 3 but for the case of FD-PB.
three solutions are degenerate means that Z3 symmetry is pre-
served.
For the case of ADJ-PB, as shown in Fig. 6, Vf has min-
ima at (q1, q2, q3) = (±1/3,∓1/3, 0), (±1/3, 0,∓1/3) and
(0,±1/3,∓1/3). These solutions are a family in the sense
that (±1/3, 0,∓1/3) and (0,±1/3,∓1/3) are Z3 images of
(±1/3,∓1/3, 0). Since the family yields Φ = 0, this phase is
sometimes called ”re-confined phase”. In the phase, the GB
takes place and SU(3) gauge symmetry is broken down to
U(1)× U(1).
For the case of FTBC-APB, as shown in Fig. 7, Vf has
minima at six points. The first Z3 family of (q1, q2, q3) =
(0, 0, 0) and (±1/3,±1/3,∓2/3) leads to |Φ| = 1, whereas
the second Z3 family of (q1, q2, q3) = (±1/3,∓1/3, 0),
(±1/3, 0,∓1/3) and (0,±1/3,∓1/3) yields Φ = 0. Thus
Z3 symmetry is realized in FTBC fermions. The first family
does not induce the GB, but the second family does.
One can see from Figs. 6 and 7 that near points yielding
Φ = 0 the structure of Vf is similar between ADJ-PB and
FTBC-APB fermions. This result is consistent with that in
the previous section. Near points yielding Φ = 1, meanwhile,
the structure of Vf is different between FTBC-APB and ADJ-
9Fig. 5: The same figure as Fig. 3 but for the case of ADJ-APB.
Fig. 6: The same figure as Fig. 3 but for the case of ADJ-PB.
PB fermions. The difference is important for the presence or
absence of the GB in the total system, as seen later.
For the case of FTBC-PB, as shown in Fig. 8, Vf be-
comes minimum at (q1, q2, q3) = (±1/9,±1/9,∓2/9),
(±2/9,±2/9,∓4/3), (±4/9,±4/3,∓8/9). The Z3 family
of solutions yields a common value |Φ| = 0.577, that is, the
Fig. 7: The same figure as Fig. 3 but for the case of FTBC-APB.
GB takes place there. In the GB phase, SU(3) gauge symme-
try is broken to SU(2)×U(1) and Z3 and charge-conjugation
symmetry are spontaneously broken.
Fig. 8: The same figure as Fig. 3 but for the case of FTBC-PB.
Next we consider the gluon one-loop potential Vg. As
shown in Fig. 9, the potential Vg has minima at three solu-
tions (q1, q2, q3) = (0, 0, 0), (±1/3,±1/3,∓2/3) leading to
|Φ| = 1. In the case of FTBC-APB, therefore, the GB does not
take place when Vg is switched on, since Vg makes the solu-
tions yielding |Φ| = 1 more stable than the solutions yielding
Φ = 0. In the case of ADJ-PB, the re-confined phase appears
even for NF,adj = 1, since effects of Vf overcome those of
Vg in the small mL limit, .
Fig. 9: Contour plot of VgL4 in the q1-q2 plane. Here, q3 is given by
−q1 − q2.
In the case of FTBC-PB, the situation is complicated. If
NF,fund is small, any nontrivial solution that induces the
GB does not appear. In the case of large NF,fund ≥ 30,
nontrivial solutions can survive at small mL, as shown in
Fig. 10 (bottom). In the case of FTBC-PB, unlike the case
of ADJ-PB, large NF,fund is required for nontrivial solu-
tions to survive. This difference comes from the fact that
Vf (Φ = 1)−Vf(Φ = Φmin) is much smaller in the FTBC-PB
case than that in the ADJ-PB case, where Φmin is a value of Φ
at minimum points of Vf .
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Fig. 10: Contour plot of [Vg +Vf ]L4 in the q1-q2 plane for the case
of NF,fund = 120 FTBC fermions. The upper panel corresponds to
the SU(3) deconfined phase and the lower panel does to theSU(2)×
U(1) C-broken phase.
For the case of FTBC-PB, the vacua corresponding to the
broken phase are given by two Z3 families of solutions,
(q1, q2, q3)1 =[(α/9, α/9,−2α/9),
((α+ 3)/9, (α+ 3)/9, (3− 2α)/9),
(−(3− α)/9,−(3− α)/9, (6− 2α)/9)]
(56)
(q1, q2, q3)2 =[−(α/9, α/9,−2α/9),
− ((α + 3)/9, (α+ 3)/9, (3− 2α)/9),
− (−(3 − α)/9,−(3− α)/9, (6− 2α)/9)],
(57)
where α as a function of NF,fund and mL varies in a range
of 0 < α ≤ 1. In the limit of NF,fund → ∞, α reaches 1.
Each family of solutions has two other choices of permutation;
for example, (q1, q2, q3)1′ = (α/9,−2α/9, α/9) for the first
solution of (56). In this GP phase, SU(3) gauge symmetry is
broken to SU(2)× U(1).
The two families of solutions, (56) and (57), are related to
each other as
(q1, q2, q3)1 = −(q1, q2, q3)2. (58)
This comes from the fact that the system is invariant under
charge conjugation Aµ → −Aµ and ImΦ → −ImΦ [35].
This charge conjugation symmetry is also spontaneously bro-
ken in this GB phase. Furthermore, Z3 symmetry is sponta-
neously violated in this phase, since Φ 6= 0 there. A distribu-
tion plot of Φ is shown in Fig. 11, while the phase diagram is
depicted in Fig. 12.
Here we comment on asymptotic non-freedom and renor-
malizability in a SU(3) gauge theory with large NF,fund. In
the case with NF,fund ≥ 30, the theory may lose asymp-
totic freedom and is expected to become non-renormalizable.
However, the dynamical GB due to the Hosotani mechanism
can be brought about also in the asymptotic non-free theory as
QED or five-dimensional gauge theories. This is because the
mechanism is based on the Aharonov-Bohm effect in the com-
pact direction. We thus may consider that our result on the GB
may be still valid, although we should regard our large-flavor
theory onR3×S1 as a cutoff theory. There is no consensus on
how the beta function behaves as a function of the number of
flavors in a compactified gauge theory with special boundary
conditions such as FTBC. Intensive study should be devoted
to this topic.
-1
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 0.5
 1
-1 -0.5  0  0.5  1
Re Phi
ReΦ
ImΦ
Fig. 11: Distribution of the Polyakov loop Φ in the complex plane
for a SU(3) gauge theory on R3 × S1 with NF,fund = 120 FTBC
fermions. Solid circles correspond to the deconfinement phase and
open circles do to the C-broken phase.
The situation is qualitatively similar also in five-
dimensional gauge theories. In this case, the effective poten-
tials (52)∼(55) are replaced by
Vg = − 9
4pi2L5
3∑
i=1
3∑
j=1
∞∑
n=1
(
1− 1
3
δij
)cos(2npiqij)
n5
, (59)
Vf,FD =
√
2NF,fundm
2
pi5/2L5
3∑
i=1
∞∑
n=1
K2(nmL)
n5/2
× cos[2pin(qi + ϕ)], (60)
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Fig. 12: The phase diagram in the L−1-m plane for a SU(3) gauge
theory on R3 × S1 with NF,fund = 120 FTBC fermions. The
symbol D stands for the SU(3) deconfinement phase and GB for
the SU(2) × U(1) gauge-symmetry broken phase. In the gauge-
symmetry broken phase, charge conjugation is also spontaneously
broken.
Vf,FTBC =
√
2N3m
2
L2pi5/2
3∑
i=1
3∑
f=1
∞∑
n=1
×K2(nmL)
n5/2
cos[2pin(Qif + ϕ)], (61)
and
Vf,ADJ =
√
2NF,adjm
2
L2pi5/2
3∑
i=1
3∑
j=1
∞∑
n=1
(
1− 1
3
δij
)
×K2(nmL)
n5/2
cos[2pin(qij + ϕ)], (62)
respectively. Figure 13 shows the phase diagram for a
five-dimensional gauge theory with FTBC-PB fundamental
fermions in the case of NF,fund = 240. Similarly to the four-
dimensional case, the GB takes place for small L and large
NF,fund. However, the critical flavor number is NF,fund =
123 much larger than that in the four-dimensional case. This
difference is originated in two facts. The first is that the gauge
degree of freedom is proportional to d − 2 for d being di-
mensions of spacetime, while the fermion degree of freedom
is to 2[d/2], where the symbol “[ ]” denotes the Gauss sym-
bol. Therefore, the gauge degree of freedom increases more
rapidly than that of fermion when d increases. The second
is more important. This is d dependence of the power of n
in the denominators of Vf and Vg . This dependence changes
the range of n that mostly contributes the summation of n and
makes Vg/Vf larger as d increases.
V. SUMMARY
In summary, we have investigated differences and simi-
larities between fundamental and adjoint matters in SU(N)
gauge theories. The gauge theory with ordinary fundamen-
tal matter does not have ZN symmetry, whereas the gauge
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Fig. 13: The same figure as Fig. 12 but for a SU(3) gauge theory on
R4 × S1 with NF,fund = 240 FTBC fermions.
theory with adjoint (ADJ) matter does. This implies that an
essential difference between fundamental and ADJ matters
comes from the presence or absence of ZN symmetry. We
have then imposed the FTBC on fundamental fermion in or-
der to make the gauge theory ZN symmetric, and have shown
similarities between FTBC fundamental matter and ADJ mat-
ter by using the PNJL model, particularly for the confine-
ment/deconfinement transition related to ZN symmetry. Thus
a main difference between ordinary fundamental matter and
ADJ matter is originated in the presence or absence of ZN
symmetry. Meanwhile, the chiral property is somewhat dif-
ferent between FTBC fundamental matter and ADJ matter,
but has a simple scaling low σFTBC ∼ σADJN/Nadj , where
σADJ (σFTBC) is the chiral condensate for ADJ (FTBC funda-
mental) fermion and Nadj (N ) is the dimension of the adjoint
(fundamental) representation of fermion and Nadj is related
to N as Nadj = N2 − 1.
We have also investigated a possibility of the gauge symme-
try breaking (GB) at high-energy scale. The GB takes place
for not only ADJ-PB fermion but also FTBC-PB fermion.
Properties of the GB phase are different between the two
fermions. At high-energy limit, color SU(3) group is bro-
ken down to U(1) × U(1) for ADJ-PB fermion, but to
SU(2)×U(1) for FTBC-PB fermion. For FTBC-PB fermion,
the GB phase appears only when NF,fund is large and the
charge-conjugation symmetry is also spontaneously broken
there. The present results may suggest another class of Gauge-
Higgs unification models due to the dynamical gauge sym-
metry breaking, although realization of the breaking at large
NF,fund may mean that the system is not asymptotic free.
The BCFL transformation (9) plays an important role to
make a gauge theory ZN -symmetric. ZN symmetry, i.e., in-
variance under this linked transformation is originated in the
fact that ZN group is a common subgroup of U(1)B, color
SU(N) and flavor SU(N). We can classify types of diquark
condensates by using the BCFL transformation. This classifi-
cation is an interesting future work.
12
Acknowledgments
The authors thank A. Nakamura, K. Fukushima, T. Saito
and K. Nagata for valuable discussions and comments. H.K.
also thanks M. Imachi, H. Yoneyama, H. Aoki and M.
Tachibana for useful discussions. T.M. and K.K. appreciate
the fruitful discussion with E. Itou and Y. Hosotani. K.K. is
supported by RIKEN Special Postdoctoral Researchers Pro-
gram. T.M. is supported by Grant-in-Aid for the Japan Soci-
ety for Promotion of Science (JSPS) Postdoctoral Fellows for
Research Abroad(No.24-8). T.S. is supported by Grant-in-Aid
for JSPS Fellows (No.23-2790).
[1] Y. Aoki, G. Endro¨di, Z. Fodor, S. D. Katz and K. K. Szabo´,
Nature 443, 675 (2006).
[2] F. Karsch, and M. Lu¨tgemeier, Nucl. Phys. B550, 449 (1999).
[3] Y. Hosotani, Phys. Lett. 126B, 309 (1983); Phys. Lett. 129B,
193 (1983).
[4] K. Kashiwa, and T. Misumi, arXiv:1302.2196 [hep-ph](2013).
[5] J. C Myers, and M. C. Ogilvie, Phys. Rev. D 77, 125030
(2008); PoS Lattice2008, 201(2008); JHEP 07, 095 (2009).
[6] G. Cossu, and M. D’Elia, JHEP 07, 048 (2009).
[7] H. Nishimura, and M. C. Ogilvie, Phys. Rev. D 81, 014018
(2010).
[8] H. Kouno, Y. Sakai, T. Makiyama, K. Tokunaga, T. Sasaki, and
M. Yahiro, J. Phys. G: Nucl. Part. Phys. 39, 085010 (2012);
H. Kouno, T. Makiyama, T. Sasaki, Y. Sakai, and M. Yahiro,
arXiv:hep-ph/1301.4013 [hep-ph] (2013).
[9] Y. Sakai, H. Kouno, T. Sasaki, and M. Yahiro, Phys. Lett. B
718, 130 (2012).
[10] P. N. Meisinger, and M. C. Ogilvie, Phys. Lett. B 379, 163
(1996).
[11] A. Dumitru, and R. D. Pisarski, Phys. Rev. D 66, 096003
(2002); A. Dumitru, Y. Hatta, J. Lenaghan, K. Orginos, and
R. D. Pisarski, Phys. Rev. D 70, 034511 (2004); A. Dumitru,
R. D. Pisarski, and D. Zschiesche, Phys. Rev. D 72, 065008
(2005).
[12] K. Fukushima, Phys. Lett. B 591, 277 (2004)..
[13] C. Ratti, M. A. Thaler, and W. Weise, Phys. Rev. D 73, 014019
(2006); C. Ratti, S. Ro¨ßner, M. A. Thaler, and W. Weise, Eur.
Phys. J. C 49, 213 (2007).
[14] E. Megias, E. Ruiz Arriola, and L. L. Salcedo, Phys. Rev. D
74, 065005 (2006).
[15] S. Ro¨ßner, C. Ratti, and W. Weise, Phys. Rev. D 75, 034007
(2007).
[16] B. -J. Schaefer, J. M. Pawlowski, and J. Wambach, Phys. Rev.
D 76, 074023 (2007).
[17] H. Abuki, R. Anglani, R. Gatto, G. Nardulli, and M. Ruggieri,
Phys. Rev. D 78, 034034 (2008).
[18] K. Fukushima, Phys. Rev. D 77, 114028 (2008).
[19] K. Kashiwa, H. Kouno, M. Matsuzaki, and M. Yahiro, Phys.
Lett. B 662, 26 (2008).
[20] Y. Sakai, K. Kashiwa, H. Kouno, and M. Yahiro, Phys. Rev. D
77, 051901 (2008).
[21] L. McLerran K. Redlich and C. Sasaki, Nucl. Phys. A 824, 86
(2009).
[22] Z. Zhang T. Brauner and D. H. Rischke, JHEP 06, 064 (2010).
[23] T. Sasaki, Y. Sakai, H. Kouno, and M. Yahiro, Phys. Rev. D 84,
091901 (2011).
[24] T. Ka¨ha¨ra¨, M. Ruggieri and K. Tuominen, arXiv:hep-
ph/1202.1769 [hep-ph] (2012). 5
[25] T. Kugo, and I. Ojima, Prog. Theor. Phys. Suppl. 66, 1 (1979).
[26] M. Kobayashi, and T. Maskawa, Prog. Theor. Phys. 44, 1422
(1970); M. Kobayashi, H. Kondo, and T. Maskawa, Prog.
Theor. Phys. 45, 1955 (1971).
[27] G. ’t Hooft, Phys. Rev. Lett. 37, 8 (1976); Phys. Rev. D 14,
3432 (1976); 18, 2199(E) (1978).
[28] P. Rehberg, S.P. Klevansky and J. Hu¨fner, Phys. Rev. C 53, 410
(1996).
[29] A. M. Polyakov, Phys. Lett. 72B, 477 (1978).
[30] G. Boyd, J. Engels, F. Karsch, E. Laermann, C. Legeland,
M. Lu¨tgemeier, and B. Petersson, Nucl. Phys. B469, 419
(1996).
[31] O. Kaczmarek, F. Karsch, P. Petreczky, and F. Zantow, Phys.
Lett. B 543, 41 (2002).
[32] S. Borsa´nyi, Z. Fodor, C. Hoelbling, S. D. Katz, S. Krieg,
C. Ratti, and K. K. Szabo, arXiv:1005.3508 [hep-lat] (2010).
[33] W. So¨ldner, arXiv:1012.4484 [hep-lat] (2010).
[34] K. Kanaya, arXiv:hep-ph/1012.4235 [hep-ph] (2010);
arXiv:hep-ph/1012.4247 [hep-lat] (2010).
[35] H. Kouno, Y. Sakai, K. Kashiwa, and M. Yahiro, J. Phys. G:
Nucl. Part. Phys. 36, 115010 (2009).
